Considering a production-ordering system where items are not perfect and quality screening is conducted with inspection errors, we develop integrated inventory models under different shipment policies and make a comprehensive comparison among them to select an optimal one, so as to improve the supply chain's performance. It is assumed that all items classified as defective during the screening process are sold as a single batch at a discounted price at the end of this screening process; items returned from the market are accumulating; and all of them are stored and sold as a single batch at a discounted price at the end of the next screening process. All the numerical results show that the proportional size shipment policy is always optimal, except for one situation where the difference between the vendor's and the buyer's unit inventory holding costs is considerably large. Therefore, we mainly recommend the proportional size shipment policy.
Introduction
The classical economic order or production quantity (EOQ/ EPQ) model determines the optimal ordering or production quantity only from a buyer's or a vendor's perspective. In reality, the buyer and the vendor may make the productionordering decision together, so as to benefit their supply chain. Goyal [1] [2] [3] and Banerjee [4] extended the EOQ model to a two-staged integrated system and they quantitatively proved that the system could not obtain the minimal total cost when the vendor and the buyer made the inventory decision separately. Instead, only when both of them made the decision jointly could the optimal result be obtained.
For the integrated production-ordering supply chain system, during a production run, a vendor is requested to deliver consecutive batches of items to a buyer. The ordering quantities shipped to the buyer in the consecutive batches can be equal, unequal or conforming to a certain shipment policy. Such different shipment policies from the vendor to the buyer will account for different shipment costs and different inventory holding costs at the vendor's and buyer's ends, further affecting the total cost of their supply chain. As we know, transportation cost occupies quite a part of the total cost of a supply chain where the vendor ships items to the buyer and even a large part for some products in cold chain logistics and automobiles. Thus, it is important to select an optimal shipment policy so as to save cost for the integrated system and to improve the supply chain's performance.
The equal size shipment policy is easy to handle and manage but may not be cost-saving; the other unequal size shipment policies may be more cost-saving but are relatively hard to handle. Lu [5] considered the equal size shipment policy of the form { , , . . . , } effective and cost-saving. Compared with the equal size shipment policy, Goyal [6] considered shipment policy of the form { , , 2 , . . . , −1 } (the first shipment size is q, and the following shipment size is the previous shipment size multiplying a fixed factor , where = / ; is the production rate of the vendor and is the demand rate of the buyer; here we call it "the proportional size shipment policy") more cost-saving. Despite involving unequal size, this kind of shipment policy provides the buyer with smaller quantities to "be getting on with" during the early stage of a production cycle. Hill [7] recommended a more general shipment policy of the 2 Mathematical Problems in Engineering form { , , 2 , . . . , −1 } (the first shipment size is q, and the following shipment size is the previous shipment size multiplying a fixed factor , where in [1, / ] ), which generated a lower total cost, compared with the equal size and proportional size shipment policy. What we should point out, however, is that the generality of this kind of shipment policy comes at the expense of its practicality. In order to get the optimal total cost, one needs to firstly get the optimal order number 1 under the equal size shipment policy and n 2 under the proportional size shipment policy, respectively, and then do a full research over in [1, / ] for each from 1 to 2 . This approach is based on the assumption that the optimal for general lies in [ 1 , 2 ]. Of course, this is only a conjecture. The complexity and difficulty to determine the optimal and n reduces the practicality of this shipment policy. Goyal and Nebebe [8] proposed another shipment policy of the form { , , . . . , } (the first shipment size is , and all the other successive shipment sizes are the same, with the first shipment size multiplying a factor , where = / ; here we call it "the fixed-ratio size shipment policy"), which ensures a quick delivery of the first shipment size to the buyer and avoids excessive inventory level of higher order shipment at the buyer's end. Such a shipment policy is more cost-saving, compared with the equal size, proportional size, and Hill's [7] shipment policies under the same given circumstance. Hill [9] derived the globally optimal shipment policy producing a lowest total cost, which is very similar to the shipment policy of the form { , , 2 , . . . , −1 } considered by Goyal and Szendrovits [10] . Their difference is that the size of the equal-sized shipments under Hill's [9] shipment policy in the end may not be the same as the last of the unequal-sized shipments. Other researchers also put insights into shipment policies for the integrated inventory system [11, 12] . Anyway, all these researches only consider the integrated system where all items are totally perfect. Also, their models for the integrated system include fixed transportation cost and vendor's fixed setup cost only and exclude variable transportation cost, vendor's variable production cost, and buyer's fixed ordering cost. These costs also need to be taken into consideration for the integrated system.
Actually, due to technology limitations and human or machine errors in the production process, it is impossible for all the items produced to be perfect [13] [14] [15] . Salameh and Jaber [16] (S-J model) extended the EOQ model to the situation where all items with a random fraction of defective items go through a 100% screening process, removing out defective items at the end of the screening process. Maddah and Jaber [17] (M-J model) corrected the S-J model with renewal-reward theory and extended the model by allowing several batches of imperfect quality items to be consolidated and shipped in one lot. From a unique perspective, Jaber et al. [18] extended the S-J model and the M-J model by applying the laws of thermodynamics where the demand rate is treated as a heat flow in a thermodynamic system, so as to capture the hidden costs of the inventory system. The S-J model has received tremendous attention in dealing with imperfect quality items. With regard to the integrated system, Goyal et al. [19] incorporated the imperfect items into the single-vendor-single buyer integrated system; Ouyang et al. [20] used fuzzy method to describe the fraction of defective items; Rezaei and Davoodi [21] considered the scenario of a supply chain with multiple products and multiple suppliers. With regard to learning in screening or inspection, Jaber et al. [22] extended the S-J model by assuming that the fraction of defective items per lot reduces according to a learning curve; Khan et al. [23] further extended the S-J model to the case where there is learning in inspection, lost sales, and backorders; Konstantaras et al. [24] investigated an EOQ model with imperfect quality items and shortages, where the fraction of imperfect quality in each shipment reduces because of learning. With regard to quantity discount or trade credit, Lin [25] adopted a new inventory model for items with imperfect quality and quantity discounts where buyer has exerted power over its supplier; Zhou et al. [26] studied the EPQ models for items with imperfect quality and one-time-only discount; Chung [27] derived the EOQ model with defective items and partially permissible delay in payments linked to order quantity. With regard to treatment of nonconforming items, Jaber et al. [28] extended the S-J model with buy and repair option; Mondal et al. [29] incorporated marketing decisions with variable production cost for the inventory model with imperfect items; this model was rectified by Chang [30] and extended to the situation where lot-splitting shipments and different holding costs for good and defective items are considered. Other considerations and extensions related to imperfect quality items include deterioration [31, 32] , shortages [33, 34] , and multiechelon integrated inventory system [35] . A comprehensive and systematic review regarding EOQ model for imperfect quality items can be found in Khan et al. [36] .
However, the quality inspection process is not absolutely error-free, because an inspector or a machine will make inspection errors unavoidable in this process. In practice, because of weak process control, deficient planned maintenance, inadequate work instructions, and/or damage in transit, the screening process is never perfect and likely to commit inspection errors. That is to say, a nondefective item may be classified as a defective one (this is called "Type One Error") and a defective item may be classified as a nondefective one (this is called "Type Two Error"). Based on the S-J model and renewal-reward theory, Khan et al. [37] took account of these two kinds of misclassifications in the inspection process and assumed that items returned from the market are stored with those classified as defective by an inspector. All of these nonconforming items are sold as a single batch at the end of each delivering cycle at a discounted price. J.-T. Hsu and L.-F. Hsu [38] further considered shortage backordering and sales returns. Nevertheless, the above models do not consider the integrated inventory system.
Recently, Khan et al. [39] considered two kinds of misclassifications mentioned above in the inspection process for the two-echelon integrated system where the equal size shipment policy is adopted. They assumed that a buyer starts screening at the start of a delivering cycle and discards or salvages the defective lot at the end of this screening process. However, the questions about how to develop the production-ordering models under the other shipment policies and how to make a valid comparison among these shipment policies and to select an optimal one remain unanswered. This paper develops the integrated production-ordering models under the equal size, fixed-ratio size, and proportional size shipment policy where items with imperfect quality go through quality inspection with inspection errors and makes a comprehensive comparison of different shipment policies. This paper undertakes a realistic assumption that all items classified as defective items during the screening process are sold as a single batch at a discounted price at the end of this screening process; items returned from the market are accumulating, and all of them are stored and sold as a single batch at a discounted price at the end of the next screening process. The contributions of this study are fourfold. First, it enriches the S-J model [16] to the integrated supply chain by considering inspection errors under different shipment policies. Second, it extends Khan et al. 's inspection models [37, 39] by dealing with the nonconforming items in a more realistic situation and adopting different shipment policies. Third, it improves the previous models dealing with shipment policies (Lu [5] , Goyal and Nebebe [8] , and Goyal [6] ) to a more realistic situation where items are not perfect and quality inspection is conducted with inspection errors and makes a comprehensive comparison. Fourth, it offers practical evaluations to select an optimal shipment policy through numerical examples and sensitivity analyses efficiently and effectively. Such policies apply to manufacturing industries like automobile where imperfect items exist and quality inspection process reveals necessity and merit.
The rest of this paper is organized as follows. Section 2 presents the descriptions of the models. Section 3 formulates mathematical models under different shipment policies. Section 4 provides numerical examples and sensitivity analyses. Section 5 comes to the conclusions. The proofs of the theorems are provided in Appendix.
Model Description
Consider an integrated system with a single vendor and a single buyer, where a vendor sells items through a buyer and ships items to the buyer by following the equal size, fixedratio size, and proportional size shipment policy, respectively. Items produced by the vendor have a random fraction of defective items. Items shipped from the vendor go through a 100% quality screening at the buyer's end with inspection errors including "Type One Error" and "Type Two Error" mentioned above. The problem is how to determine the optimal first shipment size and the number of shipments in a production cycle so as to minimize total cost of the integrated inventory system.
Assumptions
(1) Lead time is zero and time horizon is infinite. Since we consider infinite time horizon, there are infinite production cycles. One production cycle produces one batch of items, which are shipped consecutively by different shipments. This assumption is made to guarantee the seamless procession of the infinite production cycles over the infinite time horizon, so that we can just take account of one production cycle to analyze the integrated inventory system.
(2) Single item with constant demand is considered, and shortages of items are not allowed. The assumption that shortages of items are not allowed in the inventory system implicitly requires that the time to consume the last shipment of one batch is not less than the time to produce the first shipment of the next batch, so that shortage will not occur during the last shipment in one production cycle.
Mathematical Models

The Base Models.
In this subsection, we consider a situation where a 100% quality screening is conducted by the buyer and there is no inspection error. The defective items are discarded at the end of this screening process. The model under the equal size shipment policy has been developed by Khan et al. [39] . Here we develop the models under the fixedratio size and proportional size shipment policy, respectively.
Under the Fixed-Ratio Size Shipment Policy.
Figures 1 and 2 describe inventory level of the vendor and the buyer, respectively. Because production rate of the vendor is higher than demand rate of the buyer, the vendor ships the first shipment size items to the buyer and accumulates inventory in the production time, reaching to a total batch size in a production run, which is supplied to the buyer by following the fixed-ratio size shipment policy. On the arrival of items, the buyer conducts a 100% screening and removes out the defective items at the end of this screening process. In order to better calculate inventory level of the buyer and the vendor, we look at this problem from the perspective of inventory conservation of the integrated system. As Figure 3 describes, the integrated system accumulates a total batch size produced by the vendor in a production run with the length / , and then its inventory keeps unchanged until the next production cycle, presented by area ACEG in Figure 3 . Items are shipped to the buyer following the shipment policy stepwise in this case, and the accumulated inventory level of this part is presented by the shadowed area in Figure 3 .
Total batch size shipped to the buyer in a production cycle is
Total inventory of the integrated system in a production cycle can be calculated by area ACEG in Figure 3 , and we can easily see that Area = Area + Area , the latter of which are given as
2 ,
Total inventory shipped to the buyer in a production cycle by the vendor can be calculated by the shadowed area in Figure 3 , which is given as
According to inventory conservation of the integrated system, total inventory of the vendor in a production cycle is the difference between total inventory of the integrated system and the buyer, which is given as
Going through quality inspection process and removing out imperfect items, total inventory of the buyer now is given as
Total cost of the vendor in a production cycle includes fixed setup cost, variable production cost, and inventory holding cost, the sum of which is given as
Total cost of the buyer in a production cycle includes fixed ordering cost, fixed and variable shipment cost, quality screening cost, and inventory holding cost, the sum of which is given as
Therefore, total cost of the integrated system in a production cycle is given as
Mathematical Problems in Engineering 5
Because fraction of defective items is a random variable with probability density function ( ), we use its expected value and then we can obtain the expected total cost of the integrated system, which can be given as follows by combining (6), (7) , and (8):
The length of a production cycle is given as
and its expected value is given as
With renewal-reward theory, the average expected total cost of the integrated system is given as
It can be easily deduced that, in this case for the given integer ,
so [ATC] is convex with regard to . By letting ( / ) [ATC] = 0, for the given integer , can be obtained, so does the average expected total cost. By virtue of the convexity of (12), the optimal [ATC] and q can be obtained.
Under the Proportional Size Shipment Policy. Figures 4
and 5 describe inventory level of the vendor and the buyer, respectively. Because production rate of the vendor is higher than demand rate of the buyer, the vendor ships the first shipment size items to the buyer and accumulates inventory in the production time, reaching to a total batch size in a production run, which is supplied to the buyer by following proportional size shipment policy. On the arrival of items, the buyer conducts a 100% screening and removes out the defective items at the end of this process. Also, in terms of inventory conservation of the integrated system, as Figure 6 describes, we calculate total inventory of the vendor and the buyer as shown in Figures 4 and 5 .
Total inventory of the integrated system in a production cycle can be calculated by area ACEG in Figure 6 , and we can easily see that Area = Area + Area , the latter of which are given as
Total inventory shipped to the buyer in a production cycle by the vendor can be calculated by the shadowed area in Figure 6 , which is given as
According to inventory conservation of the integrated system, total inventory of the vendor in a production cycle Inventory level is the difference between total inventory of the integrated system and the buyer, which is given as
Because fraction of defective items is a random variable with probability density function ( ), we use its expected value and then we can obtain the expected total cost of the integrated system, which can be given as follows by combining (19) , (20) , and (21):
It can be easily deduced that in this case, for the given integer n,
so [ATC] is convex with regard to . By letting ( / ) [ATC] = 0, for the given integer , can be obtained, so does the average expected total cost. By virtue of the convexity of (25), the optimal [ATC] and can be obtained.
Models with Inspection Errors.
In this subsection, we consider a situation where a 100% quality screening is conducted by the buyer with inspection errors. Committing inspection errors indicates that a nondefective item may be classified as a defective one, while a defective item may be classified as a nondefective one. There are four possibilities occurring in the inspection process, as Figure 7 depicts. The nonconforming items include those classified as defective during the screening process and those returned from the market. It is assumed that all the items classified as defective during the screening process are sold as a single batch at a discounted price at the end of this screening process. Items returned from the market are accumulating, and all of them are stored and sold as a single batch at a discounted price at the end of the next screening process. The models under three different shipment policies are updated with the above realistic considerations based on the base models developed in Section 3.1.
Fraction of defective items perceived by an inspector or a machine will be
Because , 1 , and 2 are random variables, and these random variables are independent, by using their expected values, (27) can be rewritten as
Under the Equal Size Shipment Policy. Under this shipment policy, the expected length of a production cycle is given as
The total number of items that are classified as defective is given as
The total number of items that are returned from the market is given as
The revenue from selling these nonconforming items at a discounted price, which include those classified as defective and those returned from the market, is given as
The revenue from selling the good items is given as
Thus, total revenue of the integrated system will be
The expected average total profit of the integrated system will be
Equation (35) is independent of the decision variables, the first shipment size , and ordering number . Thus, we minimize the expected average total cost of the integrated system of all the models under different shipment policies as the objective. In order to meet demand of the buyer, production rate of the vendor is required to satisfy: (1 − [ ]) > . Total inventory holding cost also includes the part of these items returned from the market in a production cycle, which is (ℎ /2)((1 − ) / ), as we can see from Figure 8 .
The average expected total cost of the integrated system should be updated as
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We have the following theorem.
Theorem 1. For given , the average expected total cost of the integrated system is convex with regard to . (The proof can be seen in Appendix.)
Based on Theorem 1, the solution procedure of the optimal average expected total cost of the integrated system in this case can be determined by the following algorithm.
Algorithm 2.
Step 1. Input the values of all the parameters, and set = 1 and = 2.
Step 2. Calculate from (A.3), and let ( ) denote the result.
Step 3. Calculate Thus, we get the optimal * , * , and [ATC] * in this case.
Under the Fixed-Ratio Size Shipment Policy.
Under this shipment policy, the expected length of a production cycle is given as
In order to meet demand of the buyer, production rate of the vendor is required to satisfy (1 − [ ]) > . Total inventory holding cost also includes the part of these items returned from the market in a production cycle, which is (ℎ/2)[ 1 (1 − ) / + (∑ =2 (1 − ) )/ ], as we can see from Figure 9 .
Theorem 3. For the given , the average expected total cost of the integrated system is convex with regard to . (The proof can be seen in Appendix.)
Based on Theorem 3, the solution procedure of the optimal average expected total cost of the integrated system in this case can be determined by the following algorithm.
Algorithm 4.
Step 2. Calculate from (A.6), and let ( ) denote the result.
Step 3. Calculate [ATC] from (38) , and let [ATC( , ( ))] denote the result. Thus, we get the optimal * , * , and [ATC] * in this case.
Under the Proportional Size Shipment Policy.
In order to meet demand of the buyer, production rate of the vendor is required to satisfy (1 − [ ]) > . Total inventory holding cost also includes the part of these items returned from the market in a production cycle, which is
, as we can see from Figure 10 .
The average expected total cost of the integrated system should be updated as [
Theorem 5. For the given , the average expected total cost of the integrated system is convex with regard to . (The proof can be seen in Appendix.)
Based on Theorem 5, the solution procedure of the optimal average expected total cost of the integrated system in this case can be determined by the following algorithm.
Algorithm 6.
Step 2. Calculate from (A.9), and let ( ) denote the result.
Numerical Examples
For brevity, let shipment policies 1, 2, and 3 denote the equal size, fixed-ratio size, and proportional size shipment policy, respectively. For a better comparison, we use most of the following parameters from Hill [9] , Goyal [40] , Salameh and Jaber [16] , and Khan et al. [39] , as follows. The fraction of defective items and probabilities of two kinds of misclassifications follow uniform distributions as follows: Before undertaking the numerical examples, here we need to point out that when there is quality inspection without committing inspection errors, which means that probabilities of two kinds of misclassifications reduce to zero ( 1 = 0, 2 = 0, = 0, = 0), the models with inspection errors will degenerate into the base models; further, when all the items are perfect and there is no quality inspection, which means that fraction of defective items declines to zero ( = 0, = 0, → +∞), and the integrated system considers fixed transportation cost and vendor's fixed setup cost only, which means that the variable transportation cost, the vendor's variable production cost, and the buyer's fixed ordering cost are neglected (V = 0, = 0, = 0), the base models will degenerate into the models with perfect items, which were developed by Lu [5] , Goyal and Nebebe [8] , and Goyal [6] , respectively. Let denote the percentage differences of the other shipment policies with respect to the optimal one. Following the solution procedures provided in Section 3, we obtain the following optimal results of * , * , and [ATC] * in Table 1 . The results of the models with perfect items, which can be obtained by degenerating the base models by setting the corresponding values mentioned above, are consistent with those of Lu [5] , Goyal and Nebebe [8] , and Goyal [6] , respectively. From Table 1 , we can see that, for the models with perfect items, the fixed-ratio size shipment policy is optimal; for the base models and the models with inspection errors, the proportional size shipment policy is optimal.
To make a comprehensive comparison of the different shipment policies in the presence of imperfect quality items with inspection errors, we take the models with inspection errors to analyze how different parameters influence the optimal results. Table 2 , Figures 11, 12 , and 13 demonstrate the impacts of fraction of defective items and probabilities of two kinds of misclassifications, all of which show that the proportional size shipment policy is always optimal. Figure 14 exhibits the impact of the fixed transportation cost, from which we know that the proportional size shipment policy is also always optimal. The other parameters' impacts on different shipment policies, including the screening rate and the unit costs incurred by two kinds of misclassifications, which are not displayed for brevity, conform to this observation that the proportional size shipment policy is always optimal, no matter how these parameters are selected and what percentage differences of the other shipment policies with respect to this optimal one, except one situation. This exception is brought about by the impacts of the vendor's and the buyer's unit inventory holding costs, as Table 3 and Figures 15 and 16 display. When the vendor's and the buyer's unit inventory holding costs are relatively close to each other, the proportional size shipment policy is optimal; when they are turning away from each other and reaching a point, the fixed-ratio size shipment policy will become optimal. This observation is understood as follows. During a production run, the proportional size shipment policy can provide the buyer with smaller quantities to "be getting on with" during the early stage and larger quantities during the later stage. When the difference between the vendor's and the buyer's inventory holding costs is quite small, this kind of policy has more advantage in saving more inventory holding cost by shipping more items at the buyer's end and saving the total cost for the integrated system. On the contrary, when it becomes larger, the equal size shipment policy has more advantage in saving more inventory holding cost by keeping more items at the vendor's end and saving the total cost for the integrated system.
Conclusions
In this paper, we develop the integrated inventory models under the equal size, fixed-ratio size, and proportional size shipment policy for the integrated production-ordering system with imperfect quality items and quality screening committing inspection errors. Our models are a development and extension of the S-J model [16] , Khan et al. 's model [37, 39] , and the models dealing with different shipment policies (Lu [5] , Goyal and Nebebe [8] , and Goyal [6] ). We make a comprehensive comparison of different shipment policies so as to select an optimal one for the integrated system and to improve the supply chain's performance. Algorithm procedures, numerical examples, and sensitivity analyses under different shipment policies are provided. These three different shipment policies are the most employed policies for the integrated supply chain and relatively easy to handle. The equal size shipment policy is the easiest one to handle but is often the least cost-saving, as we can learn from the numerical results; the other two shipment policies are often more cost-saving, even though they involve unequal shipments. In fact, these unequal shipment policies are also easy to handle, since they barely increase the complexity of the optimal algorithms and merely need a multiplier in their shipment structures, the ratio of the production rate and the demand rate, which is given. We do adequate numerical examples to illustrate how different parameters influence the optimality of these different shipment policies for the integrated supply chain in the presence of imperfect quality items and inspection errors. All the numerical results show that the proportional size shipment policy is always optimal, regardless of the degree of the significance of the other shipment policies with regard to this optimal one, except one situation where the difference between the vendor's and the buyer's unit inventory holding costs is considerable. As we have mentioned, the proportional shipment policy barely increases the complexity of the optimal algorithm and merely requires the multiplication of a given factor in its shipment structure but has an overwhelming advantage in saving total cost of the integrated system in nearly all the operational situations. Therefore, in terms of effectiveness and efficiency for the decision maker and performance for the supply chain, we recommend the proportional size shipment policy for the integrated system except one situation mentioned above.
Appendix
Proof of Theorem 1. The first derivative of (36) Proof of Theorem 3. The first derivative of (38) is given as and the second derivative of (40) Vendor's unit holding cost ($/unit/year) ℎ :
Buyer's unit holding cost ($/unit/year) :
Buyer's unit screening cost ($) :
Buyer's screening rate (units/year) V:
Buyer's transportation cost per unit shipped ($) :
Buyer's fixed transportation cost per shipment ($) :
Vendor's production cost per unit time ($/year) :
Time length of a production cycle (year) :
Number of shipments from the vendor to the buyer in a production cycle (a decision variable) :
The first shipment size from the vendor to the buyer in a production cycle (a decision variable) :
The th shipment size from the vendor to the buyer in a production cycle :
Total batch size from the vendor to the buyer in a production cycle :
Random variable representing fraction of defective items ( ): Probability density function of Fraction of defective items observed by the buyer after screening, = (1 − ) 1 + (1 − 2 ) ( 1 ): Probability density function of 1 ( 2 ): Probability density function of 2 :
Cost of falsely rejecting a nondefective item (units/year) :
Cost of falsely accepting a defective item (units/year)
: Number of items classified as defective in the th delivering cycle : Number of defective items returned from the market in the th delivering cycle.
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